An algorithm is developed for the solution of the stationary Schrödinger equation for a three-dimensional isotropic harmonic oscillator subject to a perturbation leading to nonFuchsian singular points. When the non-Fuchsian singular point is the point at infinity, an infinite system of algebraic equations for the exact solution is obtained, and a perturbative evaluation of the correction to the ground-state energy is performed.
INTRODUCTION
In the literature on quantum-mechanical problems, an important role is played by the "spiked" harmonic oscillator in three spatial dimensions. This is a system where the radial part ψ(r) of the wave function is ruled by the Hamiltonian operator [1] [2] [3] [4] H(α, λ) ≡ − d More precisely, the imposition of Eq. (1.3) is necessary since not all functions in the domain of H(α, 0) are in the domain of V [2] . Thus, when λ → 0 and α is fixed, the operator H(α, λ) converges to an operator formally equal to the unperturbed operator The full potential in (1.1) or (1.2) inherits the name "spiked" from a pronounced peak near the origin for λ > 0, and its consideration is suggested by many concrete problems in chemical, nuclear and particle physics. Some important results within this framework are as follows.
(i) Development of singular perturbation theory, with application to the small-λ expansion of the ground-state energy [1] .
(ii) A variational method has been successfully applied to a large-coupling perturbative calculation of the ground-state energy [2] .
(iii) Weak-coupling perturbative analysis [3] , and its relation with the strong coupling regime for α in the neighbourhood of α = 2.
(iv) A nonperturbative but absolutely convergent algorithm for the evaluation of eigenfunctions [4] . 
ISOTROPIC HARMONIC OSCILLATOR IN THREE DIMENSIONS
Our first aim is to elucidate the general structure of the calculation for the isotropic threedimensional harmonic oscillator whenever the potential contains a term which is singular, i.e. leading to non-Fuchsian singularities at 0 and at infinity. For this purpose, we start from the Schrödinger equation for stationary states in three dimensions written in the form
where, having set (
2) the function S represents the "singular" part of the potential according to our terminology.
We now look for exact solutions of Eq. (2.1) which can be written as
The second exponential in (2.3) takes into account that, at large r, the term λ 2 r 2 dominates over all other terms in the potential (including, of course,
r 2 ), and has not been absorbed into B(r) for later convenience. It is worth stressing that Eq. Indeed, insertion of (2.3) into Eq. (2.1) leads to
To avoid having coefficients of this equation which depend in a non-linear way on B we choose the function B so that
which implies (up to a sign, here implicitly absorbed into the square root)
Hence one finds the following second-order equation for the function A:
It should be stressed that the step leading to Eq. (2.5) is legitimate but not compelling.
For each choice of B(r) there will be a different equation for A(r), but in such a way that ϕ(r) remains the same (see (2.3)).
Consider now the case when S(r) takes the form 
Equation (2.9) has a non-Fuchsian singularity at infinity. This can be proved by introducing the independent variable ξ ≡ 1 r , so that the point at infinity for Eq. (2.9) is mapped into the origin for the transformed equation [5] General conditions for a non-Fuchsian singularity at infinity of Eq. (2.7) are derived by using again Eq. (2.12), which implies that the function
should not have a zero of degree ≥ 1 at ξ = 0, and the function
should not have a zero of degree ≥ 2 at ξ = 0.
EQUATION FOR A(r)
The equation (2.9) for A(r) can be now solved by assuming that the solution has a Laurentseries expansion in the annulus r ∈ (0, ∞), i.e. [5] [6] [7] A(r) =
Upon setting
the insertion of (3.1) into (2.9) leads to the equation where
Eventually, Eq. (3.3) is therefore cast in the form
This is an infinite system of algebraic equations, whose occurrence is a typical property of the Schrödinger equation in the presence of singular potentials [5] [6] [7] . The above scheme provides an elaborated but complete algorithm for the solution of Eq. (2.9) and hence of Eq. (2.1) (see comments after Eq. (2.7)).
PERTURBATIVE CALCULATION
In the model of Sec. 2, with S(r) given by (2.8), perturbative techniques are of much help in the spectral analysis, since the term χ 2 sin 2 αr is bounded with respect to the harmonic
for some real parameters a and b [8] , where a can be set to zero. This implies that the spectrum of the full Hamiltonian operator remains discrete. In particular, it is instructive to perform explicitly the evaluation of the simplest case, i.e. the first-order correction
to the energy of the ground state (see comments in Sec. 5), for which n = l = 0.
The corresponding unperturbed wave function reads, in spherical coordinates,
where T 0 (r) solves the eigenvalue equation
in the ground state. One then finds
where the constant C may be determined from the normalization condition
which implies |C| = 2λ
The desired first-order correction to the ground-state energy reads therefore
where we have defined [9] . By virtue of (4.7) and (4.8)
we eventually obtain It would be rather interesting, as a subject for further research, to consider suitable changes of independent variable in the investigation of non-Fuchsian singularities. For example, given the Hamiltonian operator
if one defines the new independent variable (cf. page 971 of Ref. [9] )
for a suitable parameter γ, the stationary Schrödinger equation becomes
By construction, the larger is γ, the more Eq. (5.3) tends to its Fuchsian limit for all values of ρ. This remark can be made precise by defining ε ≡ 1 γ , (5.5) 6) and considering the asymptotic expansion at small ε (and hence large γ)
The first "non-Fuchsian correction" of the limiting equation (5.4) is therefore 
